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Abstract. Given a 3-dimensional Riemannian manifold {M,g), we investi- 
gate the existence of positive solutions of the Klein-Gordon-Maxwcll system 

-£^AgU + au = uP~'^ +Ld^{qv~l)^u in M 
-AgV + (1 + q^u^)v = qu^ in M 

and Schrodingcr-Maxwell system 

-e'^AgU + u + ujuv = uP~^ in M 
—AgV + v = qv? in M 

when p G (2, 6). Wo prove that if e is small enough, any stable critical point go 
of the scalar curvature of g generates a positive solution (ug ,Vs) to both the 
systems such that Ue concentrates at go as e goes to zero. 



1. Introduction 

Let (Af , g) be a smooth compact, bomidaryless 3— dimensional Riemannian man- 
ifold. 

Given real numbers e > 0, a > 0, g > 0, w £ (— v^, ^^id 2 < p < 6, 
we consider the following singularly perturbed electrostatic Klein-Gordon-Maxwell 
system 

{-e^AgU + au = uP^^ + u}^{qv - l^u in M 
-AgV + (1 + q'^u'^)v = qu^ in M 

u,v > 

and the Schrodinger-Maxwell system 

{—e^AgU + U + UJUV = u^^^ in M 
-AgV + v = qu^ in M 

u,v > 

KGM systems and SM systems provide a model for the description of the inter- 
action between a charged particle of matter u constrained to move on M and its 
own electrostatic field v. 

The Schrodinger-Maxwell and the Klein-Gordon-Maxwell systems have been ob- 
ject of interest for many authors. 
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In the pioneering paper [6] Benci-Fortunato studied the following Schrodinger- 
Maxwell system 

f -Am + U + bjuv = in C or in 
[ —Aw = u = w = on dVl 

Regarding the system in a semiclassical regime 

, , J -e^Au + u + ujuv = f{u) in C K'"^ or in 

y —Aw = ^v? u — V ~ Q on dQ, 

(here e is a positive parameter small enough) Ruiz [34j and D'Aprile-Wei [13] showed 
the existence of a family of radially symmetric solutions respectively for = R'^ 
or a ball. D'Aprile-Wei |14] also proved the existence of clustered solutions in the 
case of a bounded domain in M'^. Ghimenti-Micheletti [H] give an estimate on 
the number of solutions of ([3]). 

Moreover, when e = 1 we have results of existence and nonexistence of solutions 
for pure power nonlinearities /(w) = |w|^~^w, 2 < p < 6 or in presence of a more 
general nonlinearity (see [HElElEliniEllESlESlEg). In particular, Siciliano |35] 
proves an estimate on the number of solution for a pure power nonlinearity when 
p is close to the critical exponent. 

Klein-Gordon-Maxwell systems are widely studied in physics and in mathemati- 
cal physics (see for example [lOl [HI ESI [28l [29] ) . In this setting, there are results of 
existence and non existence of solutions for subcritical nonlinear terms in a bounded 
domain Q (see |1[71[51[3[I1[IS1[I11[I7J[32]). 

As far as we know, the first result concerning the Klein-Gordon systems on 
manifold is due to Druet-Hebey [19j . They prove uniform bounds and the existence 
of a solution for the system ([T]) when e = 1, a is positive function and the exponent 
p is either subcritical or critical, i.e. p G (2,6]. In particular, the existence of 
a solution in the critical case, i.e. p = 6, is obtained provided the function a 
is suitable small with respect to the scalar curvature of the metric g. Recently, 
Ghimenti-Micheletti [20] give an estimate on the number of low energy solution for 
the system ([!]) in terms of the topology of the manifold. 

In this paper, we show that the existence and the multiplicity of solutions of 
both systems H]) and ^ in the subcritical case when e is small enough is strictly 
related to the geometry of the manifold {M,g). More precisely, we prove that the 
number of solutions to ([T]) or ([2]) is affected by the number of stable critical points 
of the scalar curvature Sg of the metric g. Indeed, our result reads as follows. 

Theorem 1. Assume K is a C^-stable critical set of Sg. Then there exists e > 
such that for any e G (0, e) the KGM system ([ip and the SM system have a 
solution (u£,We) such that concentrates at a point €z K as e goes to 0. More 
precisely, there exists a point G M such that if e goes to zero S,s ^ S,o & K 

ue - We,5, ^ in H^iM), v, ^ m H^iM) 

where the function W^^^^ is defined in ([T7]). 

We recall the the definition of C^-stable critical set. 

Definition 2. Let / G C^{M,R). We say that K C Af is a C^-stable critical set 
of / if K C {x G A/ : \/gf{x) ~ 0} and for any ^ > there exists S > such that. 
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if he Ci(M,R) with 

max \f{x) - h{x)\ + |V J(x-) - \/gh{x)\ < S, 

dg\x ,K 

then h has a critical point ^ with dg{£^,K) < fi. Here dg denotes the geodesic 
distance associated to the Riemannian metric g. 

It is easy to see that if K is the set of the strict local minimum (or maximum) 
points of /, then i^T is a C^-stable critical set of /. Moreover, if K consists of 
nondegenerate critical points, then is a C^-stable critical set of /. 

By Theorem [1] we deduce that multiplicity of solutions of ^ and ([2]) is strictly 
related to stable critical points of the scalar curvature. At this aim, it is useful to 
point out that Michclctti-Pistoia [31] proved that, generically with respect to the 
metric g, the scalar curvature Sg is a Morse function on the manifold M. More 
precisely, they proved 

Theorem 3. Let ^/M^ he the set of all Riemannian metrics on M with fc > 3. 
The set 

jz/ = | g G ,/^^ : all the critical points of Sg are non degenerate^ 

is a open dense subset of . 

Then generically with respect to the metric _g, the critical points of the scalar 
curvature Sg are nondegenerate, in a finite number and at least Pi{M) where Pt{M) 
is the Poincare polynomial of M in the t variable. Therefore, we can conclude as 
follows. 

Corollary 4. Generically with respect to the metric g, if e is small enough the 
KGM system (QP and the SM system (0j have at least Pi{M) positive solutions 
{ue,Ve) such that concentrates at one nondegenerate critical point of the scalar 
curvature Sg as e goes to 0. 

The proof of our results relies on a very well known Ljapunov-Schmidt reduction. 
In Section [2] we recall some known results, we write the approximate solution, we 
sketch the proof of the Ljapunov Schmidt procedure and we prove Theorem [1] In 
Section [3] we reduce the problem to a finite dimensional one, while in Section |4] 
we study the reduced problem. In Appendix A we give some important estimates. 
All the proofs are given for the system ([T]), but it is clear that up some minor 
modifications they also hold true for the system ([2]). 

2. Preliminaries and scheme of the proof of Theorem [T] 

2.1. The function 5'. First of all, we reduce the system to a single equation. In 
order to overcome the problems given by the competition between u and v, using 
an idea of Benci and Fortunato [7], we introduce the map ^' : Hg{M) — > Hg{M) 
defined by the equation 

(4) - Ag*(ii) + + = qw^. 

It follows from standard variational arguments that ^ is well-defined in (M) as 
soon as A := a — cj^ > 0, i.e. we] — y/a, +y/a[. 

By the maximum principle and by regularity theory is not difficult to prove that 

(5) 1/g for all li in i7i(Af). 
Moreover, it holds true that 
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Lemma 5. The map ^ : H^{AI) H^iM) is and its differential ^'{u)[h] 
Vu[h] at u is the map defined by 

(6) - AgVu[h] + Vh[h] + q^u^Vu[h] = 2gw(l - q'^{u))h for all h e HI{M). 



Also, 



< < - 

Lemma 6. The map <d : [M] K given by 



e(u) 



(1 - q^{u))u^d^ig 



M 



is and 



Q'{u)[h] = / (1 - q'^{u) fuhd^lg for any u, h G Hl{M) 



M 



For the proofs of these results we refer to |19j . 

Now, we introduce the functionals I^,J^,Ge '■ H^(M) — !• R 



(7) 

where 
(8) 

and 
(9) 



I,{u) = Je{u) + —G,{u), 



Mu) := ^ / 

M 



le'\Vgu\' + ^u'-Fiu) 



dUg 



Ge{u) := ^q J ^{u)u'^dfig 



M 



Here F{u) := i {u+f , so that F'{u) = f{u) -.^ {u+)p-\ By LemmalHlwe deduce 
that 

'M 



\g',{uM = 4 / - 2q^iu)]uipd^ig, 



T^{u)ip ^ ^ / e'^Wgu'Vgip + au(f ~ {u'^)P ^(p ~ u!'^{l - q'^{u))'^uipdfig. 



Therefore, if u is a critical point of the functional 1^ we have 



(10) -£2AgM + (a-w2)w + w2q^(u)(2-q^(u))u= in M. 

In particular, if u 7^ by the maximum principle and by the regularity theory we 
have that u > 0. Thus the pair (u, ^{u)) is a solution of Problem ([T|). Finally, the 
problem is reduced to find a solution to the single equation (fTO|) . 
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2.2. Setting of the problem. In the following we denote by Bg{£^, r) the geodesic 
ball in M centered in ^ with radius r and by B{x, r) the ball in R"^ centered in x 
with radius r. 

It is possible to define a system of coordinates on AI called normal coordi- 
nates. We denote by the Riemannian metric read in B{0,r) C M'^ through 
the normal coordinates defined by the exponential map exp^ at ^. We denote 

|(7j(z)| := det {gij{z)) and ^.<7^"'(^)^ is the inverse matrix of g^{z). In particular, 
it holds 

dqV 

(11) g'^{Q) = Sij and 7p-(0) = for any j, k. 

Here Sij denotes the Kronecker symbol. 
We denote by 

:= J (iVgiip+M^) d^ig and := J 

M M 

the standard norms in the spaces Hg{AI) and L'^{M). 

Let be the Hilbert space Hg(M) equipped with the inner product 

M M 



\u\\l 



which induces the norm 

|2 



\ M M I 



Let L\ be the Banach space L^(A/) equipped the norm 




It is clear that for any q G [2, 6) the embedding ^ L| is a continuous map. 
It is not difficult to check that 

(12) I'^lq.e , for any u G H^, 

where the constant c docs not depend on s. 

In particular, the embedding : H,, ^ L| is a compact continuous map. The 
adjoint operator i* : L^. — >■ ff^, p' := ^j^, is a continuous map such that 

u = il{v) ^ (i*(u),^)_^ = ^ J vip, (fi e He ^ -e^AgM+u = -u on M, M e IIg(A/). 

M 

Moreover 

l!«e(w)lle < c|w|p',e, for any v G L^' , 

where the constant c docs not depend on e. 

We can rewrite problem (jlOp in the equivalent way 

(13) u^i;[f{u)+uj^g{u)], ue He, 
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where we set 

(14) g{u) := {q^'^^iu) - 2g*(M)) u. 

2.3. An approximation for the solution. It is well known (see [22l[27]) that 
there exists a unique positive spherically symmetric function [/ G (R ) such 
that 

(15) - AU + \U = UP-^ in B.^ . 

Moreover, the function U and its derivatives are exponentially decaying at infinity, 
namely 

(16) lim ;7(|a;|)|x| — el^l =c> 0, lim f/'(|x|)|x| — e'^l = -c. 

Let Xr be a smooth cut-off function such that Xr{z) = 1 if z € 5(0, r/2), 
Xr{z) = if z e \B{0, r), \Vxriz)\ < 2/r and \y'^Xr{z)\ < where r is the 
injectivity radius of M. Fixed a point ^ E M and e > let us define on M the 
function 
(17) 

W,.^{x) ~ U, (cxp^-^(a;)) Xr (cxp^"'(2;)) if x e Bg{tr), W,.^{x) := Oif x e M\Bg{tr), 

where we set Ue{z) := U (f) . 

We will look for a solution to (jl3p or equivalently to ([TU)) as := W^,^ + 4>, 
where the rest term belongs to a suitable space which will be introduced in the 
following. 

It is well known that every solution to the linear equation 
-A^j + \i! = {p- l)UP^^i} in 
is a linear combination of the functions 

riz) :=||W> * = 1,2,3. 

Let us define on M the functions 
(18) 

Kii^) ■■= (exP5"'(2:)) Xr (exp^^i(x)) if X G Bg{^,r), Zl^{x) := Oif x £ M\Bg{^,r), 



where we set ipl{z) := -ip^ (|) .Let us introduce the spaces i^Tg.^ := span ^, Z^^, 



and 



K^^ := e He : {<j), Z^^"^ =0, i = 1, 2, 3| . Finally, let H^^^ : K,^^ and 

: — > be the orthogonal projections. 
In order to solve problem (jl3p we will solve the couple of equations 



(19) n,^^ {w,,^ + - [/ (M^e,« + 0) + uj^g {w,^i + 0)] } = 



(20) 



n,,5 {W,^^ + - [/ (VF,,4 + 0) + uj^g (W,^^ + 0)] } = 0. 
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2.4. Scheme of the proof of Theorem [ll The first step is to solve equation ([T9| . 
More precisely, if e is small enough for any fixed ^ £ M, we will find a function 
e such that HH) holds. 

First of all, we define the linear operator L^^^ : K^^ — > K^^ by 

In Proposition 3.1 of [30] we proved the invertibility of L^,^. 

Proposition 7. There exists £o > and c > such that for any ^ G M and for 

any e G (0, eo) 

\\LeAm, > for any 4> & K^^^. 

Secondly, in Lemma 3.3 of |30| we estimated the error term i?^.^ defined by 

(21) := i^t if (We.^)] - W^-.a • 

Proposition 8. There exists Eq > and c > such that for any ^ e Af and for 

any e € (0,eo) it holds 

Finally, we use a contraction mapping argument to solve equation (jl9p . This is 
done in Section [3] 

Proposition 9. There exists £q > and c > such that for any ^ G M and for any 

£ € (0,eo) there exists a unique 4>^_^ = (f>{£,^) which solves equation il9\) . Moreover 

(22) ||0e,d!e<ce'- 
Finally, ^ — > (f)^,^ is a C^ — map. 

The second step is to solve equation pop . More precisely, for e small enough we 
will find the point ^ in M such that equation (pn)) is satisfied. 
Let us introduce the reduced energy : M — > R defined by 

7,(0 :==/,(W^e,«+0e,«), 

where the energy whose critical points are solution to problem (jlOp is defined in 
0. 

First of all, arguing exactly as in Lemma 4.1 of [30] we get 

Proposition 10. is a critical point of if and only if the function — W,^^^ + 
(pcic solution to problem 

Thus, the problem is reduced to search for critical points of whose asymptotic 
expansion is given in Section |4| and reads as follows. 

Proposition 11. It holds true that 

(23) 7, (0 = Ci + C2£2 - C35<,(0£' + O (£2) , 

— uniformly with respect to ^ as £ goes to zero. Here Sg{£,) is the scalar curvature 
of M at ^ and Ci 's are constants. 

Finally, we can prove Theorem [T] by showing that has a critical point in M. 

Proof of Theorem[I[ If if is a C^-stable critical set of the scalar curvature of M (see 
Definition [2]), by Proposition [Tl] we deduce that if e is small enough the function 
/e has a critical point such that — >■ as e goes to zero. The claim follows by 
Proposition [TUj □ 
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3. The finite dimensional reduction 

This section is devoted to the proof of Proposition [9l 
First, we remark that equation (|19p is equivalent to 

(24) = iVs,c(0) + 5e,«(<^) + Re,i, 

where 

(25) iV,,5(0) := n,^^ {z; [/ iW,,i + <P)-f (We.j) - /' {W,,^) 0]} , 

(26) S,,^{c^) := c^2n^^ {i* (^^^^ ^ ^) _ (VK,,^ + 0) (We,e + 0)] } 

and R^x is defined in (|2ip . In order to solve equation ([24]), we need to find a fixed 
point for the operator Tg^j : A'^^ — > A'^^ defined by 

re,c(0) i,^^ (^e.a^) + Se.m + i?e.c) • 

We are going to prove that Tg ,t is a contraction map on suitable ball of H^. 

In Proposition[8]we estimate the error term while in Proposition 3.5 of |30j . 
we estimated the higher order term TV^.j (</)). 

Lemma 12. There exists eo > 0, c > such that for any ^ G M, e G (0,eo) 
r > it holds true that 

and 

provided (j), (pi, (j)2 & {(I) £ : < re^} . Here — > while £ — > 

It only remains to estimate the term S'^^j ((/)). 

Lemma 13. There exists Eq > 0, c > such that for any ^ G M, e G (0,eo) ^.i^d 
r > it holds true that 

(27) \\S,,^me<ce' 
and 

(28) \\Se,dM - SeMWe < ^eUl - h\\e 

provided (/), (/)2 G {0 G i?e : H^He < re^} . Here — > while £ — > 
Proof Let us prove jUl). By Remark 2.2 in [30| it follows that 

\\Se.,M\U < C (M/e,e + </<) (M^e,« + <P)l^p, + \^ {W,,^ + 0) (M^e,? + 0)1,,^, • 
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By Lemma [T9l we have 



p 

^ i/p' 



1/p 



< C 



3^ (e^ + mill) (e'--^ + ll^llffi) (because < x/^hlle) 



^ (e^ + ell^lle) (e'^ + V^UWe) (because < re^ 



< C 



By Lemma [19] and the previous estimate we deduce the following 



and then pT]) follows. 

Let us prove ([SS]) . By Remark 2.2 in [30] it follows that 

||5,,j(0i)-5,,5(02)IU 

+ C l^- (T^e,? + 0l) 01 - * (We,^ + (1)2) <f>2\e,p' + ^ I* (W'e.C + '/>l) 01 - * (W^e,? + ^2) '/>2|,_p, 
= :/l+/2+/3 + /4. 

By Remark [T5] and Lemma we have for some 6 G (0, 1): 

/f = 1 y I*' (w^e.^ + 04>i + (1 - 0)02) (01 - 02)r' ii^e,er' 

M 

I \ P Iv I 

< (e' + ||0i||h1 + ||02|ki)'' 1101 - 0211^1 

(because ||0j||ffi < \/e||0i||e < ce^/^^ 
<ce(2-fy (^/i)^'||0l-02||^ 
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By Lemma [19] and the estimate of Ii we have 

M 

(^because \\(t)t\\Hl < V^HiWs < ce^/^) 
<ceip'e(2-fy (Vi)^' 1101 -02 II?', 
By Lemma [T^ and Lemma we have 



/f' ^ ^ / 1*' (^^.c + ^-^1 + (1 - ^)'^2) (01 - 02)r' 101 r' + ^ / 1* i^e.i + ' 

M M 

p' /P 

<C^i [ I*' (Vt^s,« + ^01 + (1 - ^^)02) (01 - 02)r I / 101 



P'/P 



p p 
p-p' 



+ yi01-02r I IVJ- (M^e,C + 02) 

< (e^ + 110^11^, + ||02||hi)' 1101 - 02||^. II01II?;. + (e^'^ + WUm)' Ui - Wh 
(^because ||0j||hi < ^/e\\<j)i\\e < ce^/^) 
<ceip'-3||0i-02||, 
and 

it <^ I I*' (M^e.«+0l)r'|01-02r' 
M 



r3 

M 



+ ^ / l^- (We,^ + 0i) + * (We,f + 02)r I*' {We,i + Hi + (1 - ^)02) (01 " 02)r |02r 



< C 



^ (^^/^ + ll^illl...)'' (e^/^ + ll^illl...)'' 1101 - u% 

cl + + II02II?,.)' (e^ + U.Ul + I|02||h.)' II02II?;. 1101 - 02||^ 



(^because ||0j||hi < V^ll'/'dlc < ce^/^ 

<ce^p'-^\\4>,~4>2h 
Collecting the estimates of /^'s we get 



Proof of Proposition^^ (completed). By Proposition [71 we deduce 



□ 
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and 

By Lemma [T2l and Lemma fT3] together with Proposition 13 we immediately deduce 
that Te^^ is a contraction in the ball centered at with radius ce^ in K^^ for a 
suitable constant c. Then T^^^ has a unique fixed point. 

In order to prove that the map ^ — ^ is a C"'^— map, we apply the Implicit 
Function Theorem to the C^— function G : M x ^ defined by 

G{i, u) { We,e + ni;^u - il [f {We.i + lii^u) + u^-g {W,,^ + H^^u)] ]+Ile,iU. 

Indeed, G (<^, ^) = and the linearized operator ^ ^) : i/^ — > iJ^ defined 
by ^ 

dC 

— (e, {u) = {n,\.(^i) - ii [/' (i^,,4 + iv^^^{u) + + <l^e.d i^t^iu)] ]+Ti,.du) 

is invertible, provided e is small enough. For any 4> with ||0||g < ce^ it holds true 
that 



> c 

> c 
— c I 
— c I 

> c 

> c 



|n,,5H||^ + c||Le,e (n,^c("))L 

[(/' (w^..? + <i>e.i) - /' (W'e,?)) ni:?(")] }||, 

|n,,^(«)||^ + C - ce2min{p-2,l} 1 1 H,^^ (z.) 1 1 ^ - CS^"^ ||n^«(")|L 



Indeed, at page 246 of [3D] we proved that 
Moreover we have 



\Ki {^l Va' + 4>e,d } 11^ 

by Lemma [20] we get 



3-p' 
' 3p' 
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and by Lemma [T9l we get 



< c- 



1 



I|2A IItt-L 



1 

_3_ 



3p' 



That concludes the proof. 



□ 



4. The reduced energy 

This section is devoted to the proof of Proposition [TTJ 
The first important result is the following one. 

Lemma 14. It holds true that 
(29) 

= L (W,,^ + 0,,^) = /, (W,^^) + o (e^) = J, [W,,^) + ^G, {W,,^) + o [e^) 

uniformly with respect to ^ as e goes to zero. 

Moreover, setting ^(y) = exp^(j/), y G 5(0, r) it holds true that 



ly=o 



ly=o 



- o is') 



(30) 



uniformly with respect to ^ as e goes to zero. 

Proof. We argue exactly as in Lemma 5.1 of [30] . once we prove the the following 
estimates: 



(31) 

(32) 

and 
(33) 



[GUW^s,Co+4,Co)-Gi(M^e.c„)] 



\y=0. 



' d 
dyh 



G'e {We,i{y) + 

Let us prove ([3T|) . We have (for some 9 £ [0, 1]) 



M 



7\/ M 



M 

/i + /2 
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with 




- ^~J72 II*' + ^'^'^.«) ['^eMm (because of Lcmnm[2ni) 



^ {^'MhI + Mil) (because < V^|l0e,dU < 



and 




I^bccause of Lemma [T9l and the fact that ||0e,4|j_ffi < V^ll'/'e,? lU ^ ce^/^ 



Then ^ foUows. 
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Let us prove ([32]) . We have (for some 6* G [0, 1]) 



( d 



< 



g 

2e3 



g 

2£3 



ly=0 



< 



g 
2£3 



Ai 
A/ 



g 

2£3 



A/ 



l!J = 



A/ 

/1+/2 + /3+4 + 4- 



By Lemma [20l and the facts that ||0e,4(;/) || j^i = O (e^/^) and Remark [T8l we get 



1/3 



1/3 



(we use (6.3) of [30]) 



M 



M 



Lfc=l 



x(£^;) + U{z) 



e dzk 



dzk 





3\ 1/3 




.o(.v^) 



By the estimate of /i we get /2 = o(£^), because of Lemma [T9l and we also get 
li = o(£^), because H^e^^^ = O i^e^/"^). Let us estimate I^. Wc use the definition 
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of Ve given in Lemma [21] and we get 

r ~ I ^ 



ly=o 



e dzk azk 



1/2 



B(0,i?ye) 
\B(0,fl/£) 

^because ^^^^rr^ — )- 7 weakly in 



Jhk 



-2U|2 



z\ \ dz 



vliz) 



B(Q,R/e) 



E 

Lfc=l 



ldU{z) . . dxiez)^. . 







\Shk + e^\z\^\ 


dz 



1/2 



Here we used the fact that (see (6.3) of [30]) the function (f)^^^g (z) :— (f)^^^^ {^^P^o (^-^)) 
(j)sXi^{x) can be estimated as 



3 



B{0,R/£) 
B(0,i?ye) 



+ 0?,?o \9i^^)\'^'dz 



which implies 



cl,i^^{z)dz ^ O iU^.al) ^ O {e') . 



B(0,R/e) 



By the estimate of /a wc get = o(e^), because of Lemma \VS\ 
Let us prove ([55]) . Wc have (for some 6* S [0, 1]) Arguing as in the proof of (5.10) 
of [30], the proof of ([55]) reduces to the proof of the fohowing estimate 



(34) 



M 



where the functions Zi ^ are defined in (|18p . First of aU we point out that 



(35) 



M 
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By Lemmal^we have that — ^'e.? j" converges to 7 weakly in L^(M'^). So, arguing 
as in the proof of (|39p and using Lemma [5T] we get 



dU , ^ , 1 o /■ v{z) 2, .dV^ 



2 ^ {£z)——dz 
OX/ 



B(0,fl/e) 



?)(z)xnez)C/(z) — = -e 
dzi 2 

B(Q,R/e) 

= -5 / l^dz + o{e^)^o{e^). 



because both U and 7 are radially symmetric. 

Therefore, by ([55]). using the definition of g in we are lead to estimate (for 
some e [0, 1]) 



M 



< c 



M 
1 



A/ 



M 



+ + 



/l + /2 + /3 



A/ 



with 



(we use Lemma [TO)) 

< 



9,3 



^ II* (^e,«(y) + '/'e,«(y))||Hi ( I (y) | ^,3 + ||4,?fe)Li) 



7' 



5,3 



3,3 



we use that ||0||hi < -v/ej|0j|e < ce'^/^, |We_j(y) 
o(e^). 



3,3 



0(e) and 



3,3 



o(£: 
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1 



h < 



3,3 



and 



we use Lemma [TOl and also that H^Hhi ^ V^W'PWe < ce^^^ and 



7^ 



9,3 



0(e) 



^ ill*' +^<^e,«(y)) ('/'6,a!y))llffi (|W^'^,«fe)L3 + ll<^^.«fe)Li 

(because of Lemma [^0)1 

- ^ + lke,ay)Li) II 4,5(^)11^1 (|W^e,?(y)L3 + ll<^^.?(y)Li) 

we use that < < c£5/^ |W^e,Cte)|g.3 = *^(^) ^^'^ 

= o{e'). 

Lemma 15. It holds true that 
(36) 

C^-- uniformly with respect to S. & M as e goes to zero. Here 



g.3 



'e,ay) 



5,3 



'e,i{y) 



'^e^iiy) 



3,3 



9,3 



= 0{e) 



□ 



J,{W,,^)^C-ajSg{0+o{e'), 



C 



R3 ^3 



UPdz 



and 



a 



R3 



z^dz. 



Proof. Sec Lemma (4.2) of [30]. 
Lemma 16. It holds true that 



□ 



C^ — uniformly with respect to S. ^ M as e goes to zero. Here 
13^ f -f{z)U^{z)dz ^ - f |V7(z)|2dz 



with 7 e D1'2(R3) sMc/i that -A7 = qt/^. 
Proof. Step 1: the -estimate. 

By the weak convergence of | — We^^j 1 in L®(R'^) we infer 

L J n 



^-5^^lie^\z\)U\z)\g,ie^zr' 
^^£^^X.(enk|)t/2(z)l5«(£n^)r/'^ / l{z)U^{z)d. 
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We have to prove that the convergence is uniform with respect to ^ e M. 
By the expansions of \g^{ez)\^/'^ and x(£|z|), and by (|47|) we have 



(37) 



^-I^^lie\z\)U\z)\g,{ez)\^l^dz 



- ( ^-^xl{e\z\)qU\z)dz + 0{e^) 
1 f ^^M^l^e\z\)A^dz + 0{e') 



1 

1 



A 



xU^lzlhdz + Oie) 



-J2dA\g^{sz)\'^'gl^{sz)d^. 



Xlis\z\hdz + Oie) 



uniformly with respect to ^ as e goes to zero. 

By (1151) and by the expansions of \g^{ez)\-^/^ and x(£|2:|) we have 



(38) 



U^jdz 



< 0(e) + 



U^zhiz)[\gdsz)\'^\l{s\z\) ~ l]dz 



< 



\gdsz)\'/' [xUe\z\) + q'U^z)xt{s\z\)] i,,d^h{z)dz 



< 



< 0{e) + - 

q 



<0{e) 



uniformly with respect to ^ as e goes to zero. 



Step 2: the -estimate. 

More precisely, if ^(y) = exp^(y) for y G 5(0, r),. we are going to prove that 



(39) ^G,(W^,.^(,)) 



We have that 
d 



o(£^) uniformly with respect to ^ as e goes to 0. 



Gs(W^e,e) 



y=0 



d 1 



M 



dUg 



y=o 



1 



3 L^'^iw,^ay))2w,.m[7^w,.m 



\dyh 



dug 



t J M 



dyh 



dUg 



We call /i(e,^) and /2(e,0 respectively the first and the second addendum of the 
above equation. 
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We recall that (see Section 6 of [30]) that 

3 r 

= E 

y=o k=i 



(40) 



i^;^,.(,|,|) + t/(,)^v(£M 



dzk 



oyh 



d 



2u|2\ 



(41) _£:fc(0,exp.(ez)) = 5hk + 0{e 
oyh 

(42) |5,(£,)|V2^i__ ^ _^,^,, + 0(e3|,|3) 

1 

Using the normal coordinates and the previous estimates we get 
1 



^^fM2U{z)xr{e\z\)\g^{ez)\'^'x 



E 

, fe=i 



'Xr{£\z\) + U{z)' 



dzk 



dzk 



d 

-^£k{0,cxp^{ez)) > dz. 



By Lemma [?T] we have that —Ve.^ j- converges to 7 weakly in 



so we have 



h{e,0 = 2e I jU{z)U'{z)^dz + oie^). 

JR3 \Z\ 

Finally, wc have that / j{z)U{z)U' {z)Y^dz — because both 7 and U are radially 
symmetric on z. 

At this point we have to prove the uniform convergence of /i(e,^) with respect 

d 

to ^ e M. We remark that, by (gT]) we have, for all k = 1,2,3, -A-— 7(2) = 

ozk 

d 

— U^{z). Thus, by (gni), dH]), gal), we get 



1 



1 /■ 



qdU^{z) 



T^X.(eNI)-^^^H7^d^ + 0(e) 



e dzk 



£Q Jm.3 e 



-- I A 

eq 

1 



^X.(eN)A 



dzk 



dz + 0{e) 



9 JR3 



We c(z)\ , , , ,s z dj(z) , ^ , , 

> x;(£kl)^^[^rf^ + 0(e) 



Now we have that 
1 



/ 



< 







a7(z) 
^ — 


£2 


r>i'2(_B(o,r/e)) 


ozk 



Z3i.2(M3\_B(0,r/2e)) 



c^7(z) 

and the last term vanish uniformly in ^ when e goes to zero because — decays 



exponentially with respect to |z| 



dzk 
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Moreover, arguing as in ([37| and in (p8| we obtain 



1 



xAe\z\)^dz 
ozk 



= - I U\z)^^dz + 0{e) ^ -1 / A [u\z)\ jiz)dz + 0{e) 
£ Jm3 ozk e ozk 

and the last integral is zero because both U, 7 and Xr arc radially symmetric. 
By Equation (g]), Lemma El and by (gOl), (HD), (011), we have 

l2{e,0 = ^[ {-A3*(W-e,c) + (l + <ZW^e'?)*(W^s,c)}*'(W^e,5(y)) 

Q£ Jm 









y=o_ 



dflg 



— / VI/(VK,,5) {-A,*'(W^e,«)[-] + (1 + qWl^)^'{W,^^^y)) [•]} d^i, 

1£ Jm 



1 

= 2 



v=o 



dflg 



\g{ez)\^^^i,,^{z)U{z)xr{e\z\){l - qi^.^z)) x 

3 n 



E 



dyh 



ffc(0,exp^(ez)) > dz. 



Again, by Lemma ED and by (gHl), (gH), (021), we have that 



/2(e,0 = 2e / jU{z)U'{z)^dz + o{e^)^o{e^). 
Jr^ 

At this point we have to prove the uniform convergence of /2(e,0 with respect 
to C e M. By (gni), (gj) and (gH) we have that 



^^^C/(z)x.(£k|)(l - qVeA^))-^^dz + 0[e) 



Ve,i{z) 



£ Jr? £ 



Xr(e|2|) 



z , q 
— dz 

OZk £ 



£ dzk 

2 Xri£\z\)^^^dz + 0{e) 



and the last integral vanishes when e goes to zero, because ||w£,{||l6 < £^ uniformly 
with respect to ^. Thus 



^l2i£,0 = - 



Ve f(z) , , .^dU'^iz) , ,^ , 

-^^Xr{£\z\)^^dz + O 1 



dzk 



and we can conclude exactly as for /i(e,^). 
Remark 17. For every Lp G we have 



□ 



IIV'II 



HI 



M 



M 



/■ 1 1 

J M £ £ 



Proof of Provosition llll It follows from Lemma \JM Lemma [T5l and Lemma [TOl □ 



THE ROLE OF THE SCALAR CURVATURE IN SYSTEMS ON RIEMANNIAN MANIFOLDS21 

Appendix A. Some key estimates 
Remark 18. The following limits hold uniformly with respect to q G M. 

lim-^\V,W,.,\l, = m\l 
Lemma 19. For any ip e Hg{M) and for all E M it holds 

\\^{W,^i + V)\\Hl < Ci£5/2(l + i|^||2) 
\\^{W,^i + ^)\\Hl < Ci (£5/2 + 11^11^0 

where ci and C2 are constants non depending on ^ and e. 

Proof. To simplify the notations we set v = ^'(We^^ + (fi). By Q we have 

Ikllffi < [ \Vgv\^ + v^ + q\W,.^ + ipfv^ = q f{W,.^ + ^fv< 
" J M J 

< cMhi (l|M^e,dliiV5 + IIV'll'iVs) 

We recall (see Remark [T8|) that 

(43) lim \We,^\l = \U\l uniformly w.r.t. ^ e M. 
Then we have 

(44) Mm < c{e''' + < c{e''' + M^). 
Also, 

(45) Mm < ce'/'{l + |^lL/5,e) < ce'^' (l + ll^ll?) • 

By ^ and by standard regularity theory (see [531 Th. 8.8]), we have that v G H^, 
and that M\h^ ^ ll^llff^; + + ~ By Sobolev embedding and 

by (O and (05]) we get 

M\l^ < <c{||i)||Hi + ||(VK,„. + <^)2(l-g«)|U2}< 

< c{M\HM\\^^-i\\h + Mh} ^ 

(46) < c{e'^' + yrm} 

□ 

Lemma 20. For any ^ € M and h,k G Hg it holds 
where the constant c does not depend on ^ and e. 
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Proof. We have, by ^ and by ([6]) 

ll*'(W^.,? + k)[h]\\l, ^ 2q [ [W,,^ + fc)(l - q^iW,,^ + k))h^'iW,,^ + k)[h] - 

-q^ [ + + k)[h])^ < 

< f W,,^\h\\^'(W,,^ + k)[h]\+ f \k\\h\\^'iW,,^ + k)[h]\ 
Jm Jm 

We call each integral term respectively /i, I2. and we estimate each term separately. 
We have 



h < ||*'(^ye,C + A:)[/i]|UaJ|/j|Ua||VK,,,H|^3/. <£2j|.I/'||^J|/j|| 



h < ||fc|U3||/i|U3||*'(VK,,4 + < \\k\\Hi\\h\\HiW\\Hi 

that is our claim. □ 

Lemma 21. Let us consider the functions 

( ^(M^,^) (exp^(ez)) for z e B{Q,r/e) 

y /or z e R3 ^ S(0,r/£) 

Then there exists a constant c > such that 

\\Ve,d^)\\L<^(m.3) < C£^. 

Furthermore, up to subsequences, j^— converges weakly in L®(R'^) as e goes 

to to a function 7 G D^''^{M!^). The function 7 solves, in a weak sense, the 
equation 

(47) - A7 = qU'^ in R3 

Proof. By definition of v^,^{z) and by (j?]) we have, for all z G B{0,r/e), 

(48) -Y^d, {\g^iez)\'/'gf{ez)d.i,^^iz)) = 

= e^\g^{ez)\''^ {qU\z)xl{e\z\) - [l + q^U\z)xl{e\z\)] v,,^{z)] 
By pS)) . and remarking that v^^^{z) > we have 

(49) \\ved^)\\li^HBio,r/e))<C f | <?« (ez) l^/^s^^' (ez)^^,^ (z)^,^,^^ (z)dz = 

JB(0,r/e) 

= / l<??(ez)r/' {qU'iz)xl{e\z\)v,,dz) - [l + g^C/^(z)x?(ek|)] ztjC^)} < 

JB(0,r/e) 

< Ce' [ \g^{ez)\'/\u\z)xl{e\z\)i,,,^{z)dz < 

J B(G,r/e) 

< Ce^9||w£,c(2)IU6(B(0,r/e))l|C/|lii2/5 < Ce^\\Ve,i{z)\\Di.2(^B{Q,r/e)) 

Thus we have 

(50) l|t^£,c(z)||£>i.2(s(o,r/e)) < Ce^ and ||we,5(z)||i6(R3) < Ce^. 
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By (|50|) . if e,i is a sequence which goes to zero, the sequence | is bounded 

in L^(M'^). Then, up to subsequence, |p-W£„,c| converges to some 7 £ L^(M'^) 

weakly in L^(M'^). We have also that ||5£_^||^2(i{3) < Ce. In fact, by Holder inequal- 
ity 

C\ ^^"^ / \ 3 2/3 

JB{0,r/e) J \JB{0,r/e) ) \^ J 

Moreover, by (gH), for any e C^(M^), it holds 
(51) \ \9i{ez)\^^''9i{ez)dM^d,^{z)dz = 

J supp ■ ■ 

{qU\z)xl{e\z\) - [1 + q^U\z)xl{e\z\)\ v,^^{z)) \g^{ez)\^l^v{z)dz. 

I supp ip 

Consider now the functions 

Ve,^[z) ■= *(M^e^5) (exp^(ez)) x^(e|z|) = i}e.c(^)Xr(e|z|) for z e 
Wc have that 

|2 I ^2u//^i |m2~ 



\\ve.d^)\\m^HM^) = / |V^;,,d^d^ < 2 / xiie\z\)\Vv,^^iz)\' + e'\xUe\z\rv,d^yd 
< c ( llu^.f (z)|| ni.2/R/n ./.^^ + £^\\vE.eiz)\\i2,BS^ 1 < ce''. 



{\\^ed^)\\li.2^BiO,r/e)) + ll^'e,? (^) II i2(R3) ^ 

Thus the sequence Ip-We^.^j converges to some 7 € Z)^'^(M^) weakly in Z?^'^(R'^) 



and in 

For any compact set K C M'^ eventually We„,{ = Wen,^ on K. So it is easy to see 
that 7 = 7. 

We recall the Taylor expansions 

(52) |5^(ez)|i/2 = l + 0(s2|^|2), and g'^ (ez) = S,, + 0{e'\zf), 

so, by ((52)) . and by the weak convergence of in Z3^'^(]R'^), for any (p G 

C^(R3) we get 

(53) [ Y.\g^{e^z)\^/^gl^(e^z)d,^^£^dMz)dz 

J supp ip jj- 

/ E l5c(e„z)|V2g^^-(£„^)5,!i^Ma^.^(^)dz 

/ y di'~f{z)di(p{z)dz as n — >■ 00. 



' supp 



Thus by ([5T|) and by ([55]) and because | jtW6„,4| converges to 7 weakly in L^(R'^) 
we get 

J2 ^^-^{z)^.,ip{z)dz = q I U^{z)ip{z)dz for ah € Co°°(r3). 
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Thus, up to subsequences, {^"^en.^ i converges to 7, weakly in L^{R'^) and the 
function 7 e L'^-^(]R'^) is a weak solution of — A7 = qll'^ in M^. □ 

Remark 22. Wc remark that 7 is positive radially symmetric and decays exponen- 
tially at infinity with its first derivative because it solves — A7 = qll^ in R^. 
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